In order to attack Conjecture 3 , one expects to follow the lead of finite group theory in analyzing the centralizers of involutions. As part of this analysis it is important to understand the structure of the Sylow 2-subgroups of a group of finite Morley rank. The main result in this direction is the following theorem of Borovik and Poizat (for the notation S
• below cf. Definition 2.4):
Fact 1.5 ([8]) If S is a Sylow 2-subgroup of a group of finite Morley rank then the following hold:
i) S is nilpotent-by-finite.
ii) S • = B * T is a central product of a definable, connected, nilpotent subgroup B of bounded exponent and a divisible, abelian 2-group T . Moreover, B and T are uniquely determined.
It is helpful to compare the situation in Fact 1.5 to that of algebraic groups over algebraically closed fields. Algebraic groups are defined over an algebraically closed base field K whose characteristic has a strong impact on the structure of the Sylow 2-subgroups. If char(K) = 2 then the Sylow 2-subgroups are nilpotent and of bounded exponent; if char(K) = 2 then the Sylow 2-subgroups are (divisible abelian)-by-finite. Consider for example SL 2 (K), where K is an algebraically closed field. If char(K) = 2 then any Sylow 2-subgroup of the group is isomorphic to the additive group K + , e.g.:
On the other hand, if char(K) = 2 then the Sylow 2-subgroups are isomorphic to K * Z/2Z with Z/2Z acting by inversion, e.g.:
Using the terminology in Fact 1.5 , one can say that in algebraic group, either B = 1 or T = 1. In the context of groups of finite Morley rank, the general picture is somewhat different. For example, if K 1 is an algebraically closed field with char(K 1 ) = 2 and K 2 is an algebraically closed field with char(K 2 ) = 2 then SL 2 (K 1 ) × SL 2 (K 2 ) is a group of finite Morley rank (although not an algebraic group) each of whose Sylow 2-subgroups is isomorphic to the direct sum of a Sylow 2-subgroup of SL 2 (K 1 ) and a Sylow 2-subgroup of SL 2 (K 2 ). Therefore, in a group of finite Morley rank, the Sylow 2-subgroups are in general a mix of the possibilities which arise in algebraic groups. Accordingly, the following definitions are natural:
Definition 1.6 A group of finite Morley rank is said to be of even type if its Sylow 2-subgroups are of bounded exponent. A group of finite Morley rank is said to be of odd type if the connected component of any Sylow 2-subgroup is divisible abelian. A group of finite Morley rank is said to be of mixed type if it is not of one of the above types.
If the Cherlin-Zilber Conjecture is true, then there should be no simple group of finite Morley rank of mixed type:
Conjecture 3A A simple group of finite Morley rank cannot be of mixed type.
We prove the following special case, which is the version that will actually be needed in the context of Conjecture 3 . Thus Conjecture 3 splits into two parts, which can be considered independently:
Conjecture 3 E An infinite, simple, tame K * -group of finite Morley rank of even type is an algebraic group over an algebraically closed field of even characteristic.
Conjecture 3 O An infinite, simple, tame K * -group of finite Morley rank of odd type is an algebraic group over an algebraically closed field of characteristic different from 2.
The proof of Theorem 1.7 is by contradiction. We analyze a simple, tame, K * -group G of mixed type. There are two main steps in this analysis. We first show that G has a weakly embedded subgroup. The second main step of our analysis allows us to conclude that this weakly embedded subgroup is a strongly embedded subgroup. This yields a contradiction because groups of finite Morley rank with strongly embedded subgroups cannot be of mixed type. The notions of weakly and strongly embedded subgroups are defined in Sections 3 and 7 respectively.
Both the construction of a weakly embedded subgroup and the proof of the fact that this is a strongly embedded subgroup require a detailed analysis of some special proper, definable subgroups of G. These subgroups, which are necessarily K-groups, constitute the parts of G that are of "even type" or "odd type". While analyzing these subgroups we will encounter central extensions of quasi-simple algebraic groups which are perfect tame groups H of finite Morley rank. We prove that in such cases H is itself an algebraic group. It seems this result will be useful in the analysis of K-groups arising in other situations as well.
The organization of the paper is as follows: in the next section we review the background results which we need. In Section 3 we begin the discussion of groups of finite Morley rank with weakly embedded subgroups. Section 4 is devoted to central extensions. In Section 5 we analyze the "even" and "odd" parts of G and the interactions between these parts. In Section 6 we find a weakly embedded subgroup in G. The final section, Section 7, contains the proof of the result that the weakly embedded subgroup of Section 6 is strongly embedded. Section 7 also contains the results about strongly embedded subgroups which imply that this second main step of the proof yields a contradiction. Acknowledgements: The authors would like to thank Ali Nesin for carefully reading the paper and correcting some errors.
Background
In this section we list various facts needed in the sequel. For any subset X of any group G, I(X) will be used to denote the set of involutions in X. If t ∈ G then C t = C G (t).
Definition 2.1 Let G be a group of finite Morley rank. A subgroup H of G is definably characteristic if it is invariant under definable group automorphisms.
In the sequel, characteristic will mean definably characteristic.
Fact 2.2 ([6], Exercise 10 page 78) Let G be a group of finite Morley rank. G
• contains all connected definable subgroups of G. Proof. See the hints on page 78 of [6] .
Fact 2.3 ([26]) Let G be a group of finite Morley rank. The subgroup generated by a set of definable connected subgroups of G is definable and connected and it is the setwise product of finitely many of them.

Definition 2.4 Let G be a group of finite Morley rank. If X ⊆ G, then the definable closure of X, denoted by d(X) is the intersection of all the definable subgroups of G which contain X. Note that, as groups of finite Morley rank satisfy the descending chain condition on definable subgroups, this intersection is finite and therefore definable. If X is a subgroup of G then the connected component of X, denoted by X
• , is defined to be X ∩ d(X)
• . 10.22 ) Let S and T be as in fact 1.5 In Section 5, we will need the following facts about algebraic groups over algebraically closed fields. Apart from Fact 2.38, these facts are found in [25] , [14] or [13] , which are our main references for the theory of algebraic groups and related subjects. 
Fact 2.5 ([6], Lemma 5.36) Let G be a group of finite Morley rank. If B is a definable normal subgroup of G and B ⊆ X ⊆ G, then d(X/B) = d(X)/B.
Fact 2.6 ([15]) Let G be an abelian group of finite Morley rank. Then the following hold:
Proof. We have to show that for every x ∈ Q, x −1 x i ∈ Q 1 implies that there exists y ∈ Q 1 such that xy ∈ C Q (i).
First, assume that i inverts Q 1 
We are done. Now assume that in Q 1 every element has a unique square root. Consider Q
By the uniqueness of the square roots, z
. Now, by the same argument as in the previous paragraph, we are done. 
Weakly Embedded Subgroups
We first prove a few basic properties of weakly embedded subgroups. 
Proof. i) This is immediate. ii) Let S be a Sylow 2-subgroup of M and let suppose T > S is a Sylow 2-subgroup of G. By Facts 1.5 i) and 2.16 
Proof. It is clear that if M is a weakly embedded subgroup then it satisfies the above conditions. Therefore, we assume that M is a proper definable subgroup with the above properties and show that it is a weakly embedded subgroup. Let g ∈ G and suppose S is an infinite Sylow 2-subgroup of M ∩ M g . We will show that g ∈ M . Let S 1 be a Sylow 2-subgroup of M , such that S ≤ S 1 . By Fact 2.2 and Definition 2.4, 
Central Extensions
It is possible to develop a theory of central extensions for tame groups. In this section, we show how to achieve this. Our proofs make use of the theory of central extensions of linear algebraic groups as explained in [25] and also of the "no bad fields" hypothesis. We prove the following theorem. In the proof of this theorem our notation and terminology will be the same as in [25] unless otherwise stated. We differ from [25] , and indeed from the theory of linear algebraic groups in general, in the use of the word simple, which we apply only to groups which are simple as abstract groups. Theorem 4.1 will be used in proving the following theorem: Throughout this section, for any group G and x, y ∈ G, (x, y) will denote xyx −1 y −1 as in [25] .
We start with an overview of some results from [25] . In [25] , for a field k, and a root system Σ, the following relations over the set of symbols {x α (t) : α ∈ Σ, t ∈ k} are defined: 
, where i and j are positive integers and the c ij are integers depending on α, β, and the chosen ordering of the roots, but not on t or u.
Let X u denote the group presented by (A) and (B) if rank Σ > 1 and by (A) and (B ) if rank Σ = 1. If the the relation (C) is added, then we get the universal Chevalley group (see [25] ; the notation X u is different from the one used in [25] . ) We quote the following lemmas and theorems:
Lemma 4.5 ([25] , Lemma 39, p.70) Let α be a root and X u be as above. In The following theorems and corollaries about central extensions are proven in [25] . , and if π is the natural map from X u to X with C = kerπ, the Schur multiplier of X, then C is isomorphic to the abstract group generated by the the symbols {t, u} (t, u ∈ k * ) subject to the relations:
and in the case Σ is not of the type C n (n ≥ 1) the additional relation
In this case relations a)-e) may be replaced by ab ) and
c ) { , } is skew. d ) {t, −t} = 1.
The isomorphism is given by
We have a perfect tame central extension G of finite Morley rank of a universal linear algebraic group X over an algebraically closed field K. Let X u be the universal covering extension of X. Let C • = kerψ, where ψ is the covering map ¿from G onto X. By the universality of (π, X u ), there exists a map θ from
If f is the function defined in Lemma 4.5, we will need to show that θ • f :
The following fact is proved in [24] : Proof. Let X = X(F ) be a quasisimple algebraic group over an algebraically closed field F . We will use -notation to denote quotients by Z(X). By Fact 4.11, no bad groups are definable in X. Therefore, we can interpret an algebraically closed field in X/Z(X) using its Borel subgroups. Let us denote this field by K. As K is interpretable in F , these two fields are definably isomorphic in F by Fact 4.12. Let us denote this isomorphism by θ. Let X(K) be a linear algebraic group over K isomorphic to X(F ) by an isomorphism ψ induced by θ.
) are definable in X since they can be written as the composition of the isomorphism
where the maps x α (t) −→ t and θ(t) −→ x α (θ(t)) are F -algebraic, hence definable in X by Fact 4. 10 .
The isomorphisms ψ α are induced by the isomorphism ψ : X(F ) −→ X(K) and conversely ψ is definable ¿from the ψ α since every element of X is a product of a bounded number of elements from the root groups X α . Therefore, ψ is definable.
Proposition 4.14 Let G be a tame group of finite Morley rank. Assume that G is a perfect central extension of a universal linear algebraic group X, such that the kernel of the covering map from G onto X is a definable central subgroup of G.
If X u is the universal covering of X and θ : X u −→ G is the unique induced map as in Theorem 4.7 , and f :
Proof. In order to prove Theorem 4.7, Steinberg proves that the relations (A), (B) and (B )
can be lifted ¿from a universal linear algebraic group X to any of its central extensions. To do so he starts with a central extension (ψ, G) of X and he constructs a map φ from the root subgroups of X into G. We will make use of this map in order to show that the function θ • f is interpretable in G.
The first step in the proof is to show that φ is interpretable in G. To do so, we need to look at the definition of φ. First, an element a of K * is chosen so that c = a
Steinberg observes that this determines φ as a map from the root group X α = x α (t) : t ∈ K into G. The x α are definable from the field over which X is defined. Therefore, by Proposition 4.13, they are definable ¿from the pure group G. On the other hand, the following formula defines φ:
where g • is the group element defined by h α (a). As a result, we conclude that φ is an interpretable map from X α into G. One can do the same thing for all roots and get a map φ which lifts (interpretably in G) the X α from X to G. Now we define the following functions from K into G:
As φ and the x α are interpretable in G, so is w α and therefore, h α . Hence, using Proposition 4.13, the following function also is interpretable in G:
But f = θ • f since i) and ii) hold in X u for x α (t) and are preserved by homomorphisms. This finishes the proof.
Now we can prove Theorem 4.1:
As K is an algebraically closed field, by Lemma 4.5 a), f is multiplicative in the second component. Therefore, B t is a subgroup containing t by Lemma 4.5 b) and c). If t is of infinite order, then B t is infinite. Hence, using our assumption about the nonexistence of bad fields in the environment, we conclude that B t = K * . On the other hand, if t is of finite order, then fix u ∈ K * of infinite order. Then f (u, t −1 ) = 1 by the first part of the argument. But 
We form the pullback of this diagram:
On the other hand, as X is an algebraic group, it is interpretable in G/Z (G) and hence in G. Moreover, the triple (X, G/Z(G), π 2 ) is algebraic and hence interpretable in G, say as (X * , G * , π * ), where 
Therefore, G is a quotient of an algebraic group by a finite group. We conclude that G also is an algebraic group.
B-D
The proof of Theorem 1.7 is based on the analysis of the interaction between the unipotent 2-subgroups and the 2-tori of a counterexample to the theorem. In this section, we introduce concepts which will be used in this analysis and obtain some basic results.
If G is a group of finite Morley rank then U(G) will denote the set of its unipotent 2-subgroups and T (G) the set of its 2-tori.
Definition 5.1 Let G be a group of finite Morley rank. Then B(G) = U : U ∈ U (G) and D(G) = d(T ) : T ∈ T (G) . A group G of finite Morley rank is said to be of D-type if G = D(G) and of B-type if G = B(G).
Note that for any group of finite Morley rank G, B (G) and D (G) are definable and connected by Fact 2. 3 .
In the sequel, we will need information about B(H) and D(H), where H is a proper definable subgroup of a counterexample to Theorem 1. 7 . Such a subgroup is a K-group of finite Morley rank. Therefore, we prove some lemmas about K-groups. We start with some general statements:
Proof. As X 1 is normal and definable in X, by Facts 1.5 ii) and 2.24, X 1 contains all the unipotent 2-subgroups of X. But X is a B-type group, hence X = X 1 . The same argument works for a D-type group after one replaces unipotent 2-subgroups with the definable closures of 2-tori.
Proposition 5.3 Let R be a connected nonnilpotent group of finite Morley rank such that
where R 1 is torsion and R 2 is torsion-free. By Fact 2.8, R 1 is central in F . Therefore, F ≤ R 2 and, in particular is torsion-free.
We mimic the proof of Theorem 3 in [22] . Let g ∈ R. We define the following mapping: 
and [g, a] are in the same coset of F . Therefore, γ g is well-defined.
Next, we check that
is torsion-free, its image under γ g is also torsion-free (Fact 2.17). Now, for any g 1 , · · · , g n ∈ R, let g = (g 1 , · · · , g n ) and define the following mapping:
is torsion-free, so is the image of γ g (Fact 2.17). This implies that [R, F ]/F is torsion-free as every element of [R, F ]/F is contained in the image of some γ g . But F is a torsion-free definable subgroup. Therefore, we conclude that [R, F ] is also torsion-free.
Lemma 5.4 If R is a solvable D-type group of finite Morley rank then R = d(T )F (R), where T is a maximal 2-torus of R.
Proof. By Fact 2.14, R/F (R) is a divisible abelian group. 
R/F (R) = d(T )F (R)/F (R) : T ∈ T (R) .
Therefore, R/F (R) also is a D-type group and since it is abelian, we have
• is the direct sum of its Sylow p-subgroups, which are definable. If P is such a Sylow p-subgroup, where p = 2, then P = 1 because otherwise, P is infinite (it is connected by 2.27 ) and rk(Y /P ) < rk(Y ), and arguing as above yields a contradiction.
Y is nonsolvable: We will use notation to denote quotients by σ(Y ). By Fact 2.33, 
Proof. We carry out a case-by-case analysis.
X is solvable: By Fact 2.28, X is a unipotent 2-group and we are done in this case.
X is nonsolvable:
We assume that X is a counterexample of minimal rank to the statement. Therefore, D(X) = 1. X/σ(X) is the direct sum of simple algebraic groups over algebraically closed fields of characteristic 2. We claim that σ(X)
where T is the maximal 2-torus of X. By Fact 2.7, F (X)
• = C * D, where C is definable, connected, of bounded exponent and D is definable and divisible. By induction on rank, we may assume C = 1. If F (X)
• < σ(X)
• then by Fact 2.13, an algebraically closed field K is interpretable in σ(X)
• , and a definable section of σ(X)
• is isomorphic to an infinite subgroup of K * . The "no bad fields" assumption implies that this definable section is isomorphic to K * . The characteristic of K is 0 because F (X)
• is divisible. Therefore, K * contains a nontrivial 2-torus. Fact 2.26 implies that σ(X)
• /F (X)
• contains a nontrivial 2-torus. This implies that σ(X)
• contains a noncentral 2-torus, a contradiction. Therefore, F (X)
• . Let U be a unipotent 2-subgroup. We claim that the group F (X)
• U is nilpotent. If this is not the case then, as F (X)
• U is connected and solvable, by Fact 2.13, an algebraically closed field K can be interpreted in F (X)
• U and a definable section of U is isomorphic to an infinite subgroup of K * . But then Fact 2.21 implies that K * has infinitely many involutions although this is impossible by Fact 2.20. Therefore, F (X)
• U is nilpotent and Fact 2.7 implies that F (X)
• centralizes U . Since X is B-type group, we conclude that
• . Now we can finish the argument as in the proof of Lemma 5.5. 
As the fibers of this map correspond to the cosets of 
does not contain nontrivial 2-tori. By induction on rank, Y /F (Y )
• is solvable, forcing Y to be solvable, a contradiction. Therefore, F (Y )
• has a nontrivial 2-torus. Let T 1 be the maximal 2-torus of F (Y )
• . T 1 is i-invariant. By the assumption on C Y (i), and using Fact 2.30, i inverts T 1 U 1 )) . By symmetry, we obtain equality.
. It follows that i inverts d(T 1 ). By Proposition 2.44, C Y /d(T1)
(i) = C Y (i)d(T 1 )/d(T 1U 1 , U 2 ∈ U (G). If U 1 ∼ U 2 , then D(C G (U 1 )) = D(C G (U 2 )). Proof. As U 1 normalizes U 2 , U 1 normalizes D(C G (U 2 )). Since, by Lemma 5.5, U 2 is not in D(C G (U 2 )), D(C G (U 2 )) is a K-group. Then by Lemma 5.7 U 1 centralizes D(C G (U 2 )). Hence, D(C G (U 2 )) ≤ C G (U 1 ) and we get D(C G (U 2 )) ≤ D(C G (
Corollary 5.16 Let G be a tame K
* -group, and
Corollary 5.17 Let G be a tame K
* -group, and 
Proposition 5.18 Let G be a group of finite Morley rank. Let W denote a connected component of U (G), and M
= N G ( W ). Then U (M ) = W.
Proof. We need to show that
U(M ) ⊆ W. Let U, V ∈ U (M ) such that U ∈ W.
Corollary 5.19 Let G be a group of finite Morley rank. Let W be a connected component of U(G). N G ( W ) = Stab(W). In particular, Stab(W) is a definable subgroup.
In the sequel we will have certain groups which are isomorphic to either P SL 2 (K) or SL 2 (K) over an algebraically closed field K. We will denote this situation by (P )SL 2 (K).
Lemma 5.20 If a nonsolvable connected K-group H has a weakly embedded subgroup then H/O(H) is isomorphic to a central product of copies of (P )SL 2 (K), where K is an algebraically closed field. If the characteristic of K is 2 then H/O(H) ∼ = P SL 2 (K).
Proof. Let M be a weakly embedded subgroup of H. Note that F (H) • = O(H). We will show that either M O(H)/O(H) is a weakly embedded subgroup of H = H/O(H) or H = M O(H).
We will use Proposition 3. 4 
. We use -notation to denote quotients by O(H).
Clearly, M has infinite Sylow 2-subgroups. Let U be a subgroup of H, which contains O(H), such that U is a unipotent 2-subgroup of M . Suppose U x = U for some x ∈ H. This implies that U x = U , and therefore x ∈ N H (B(U )). Clearly, U ≤ M O(H) and we have U = O(H)(M ∩ U ). As U is solvable and its Sylow 2-subgroups are of bounded exponent, by Fact 2.28, U has a unique Sylow 2-subgroup, which is a subgroup of M ∩U by Fact 2. 19 . Hence, B(U ) ≤ M . But x ∈ N H (B(U )) and M is a weakly embedded subgroup. This implies x ∈ M forcing x ∈ M . Now let T be a subgroup of H such that T is a 2-torus of M and x ∈ H such that T x = T . Hence, T x = T , and therefore x ∈ N H (D(d(T ) 
)). If M O(H) < H then M O(H) is a weakly embedded subgroup of H. Therefore, replacing M by M O(H), we may assume that M contains O(H) and therefore T . But then x ∈ N H (D(d(T ))) forces x ∈ M , and x ∈ M . If M < H then M is a weakly embedded subgroup of H, otherwise H = M O(H).
We first analyze the possibility M < H.
In this case, σ(H) • = O(H) and therefore, H = H/O(H)
is the central product of quasisimple groups of finite Morley rank. As H has a weakly embedded subgroup, we conclude that H is a quasisimple group. By the results on central extensions, H is a quasisimple algebraic group with a weakly embedded subgroup.
We claim that H ∼ = SL 2 (K) or P SL 2 (K), where K is an algebraically closed field. Let X = H. We will show that X has Lie rank 1. Then the result will follow from Fact 2. 43 . Let M denote a weakly embedded subgroup of X. By Proposition 3.2, M has a Sylow 2-subgroup S which is also a Sylow 2-subgroup of X.
We first assume that char(K) = 2. In this case S is a maximal unipotent subgroup of X. We may assume that
+ , where U α is the root subgroup corresponding to α (by Proposition 4.13 U α is definable in X). Suppose X has Lie rank greater than 1. Then Φ + has a base with at least 2 distinct roots α and β. By 
Now we analyze the possibility H = M O(H). We first claim that, as in the case M O(H) < H, σ(H) • = O(H). σ(H)
• has a nontrivial Sylow 2-subgroup. This Sylow 2-subgroup is infinite by Fact 2. 27 .
and therefore H is solvable, a contradiction. Therefore, H has a weakly embedded subgroup, namely σ(H) ∩ M . This brings us back to the situation where H has a weakly embedded subgroup. Hence, we may 
(H). This forces σ(H) • = O(H). As a result of the last paragraph H = M O(H)
=
9, Z(O(H)) is infinite. Let A be an X i -minimal subgroup of Z(O(H)).
The action of X i on A cannot be trivial because this would contradict that M is a weakly embedded subgroup. Therefore, we can see A as a finite-dimensional vector space over an algebraically closed field K of characteristic different ¿from 2. If we can show that X i ∼ = (P )SL 2 (K) then the proof will be over. Let B be a Borel subgroup of X i . B has a common eigenvector v by Fact 2.36. Bv is a 1-dimensional vector subspace of A. B = U T where T is a maximal torus of B. One can choose a basis for A, which contains v, in such a way that B has a representation with upper triangular matrices. If the Lie rank of X i is bigger than 1 then Bv will be fixed pointwise by at least one 1-dimensional torus. This contradicts the fact that M is a weakly embedded subgroup. Therefore, the Lie rank of X i is 1, and X i ∼ = (P )SL 2 (K).
Proposition 5.21 If X is a B-type K-group and U (X) is not connected, then
where K is an algebraically closed field of characteristic 2.
Proof. As U(X) is not connected, Fact 2.28 implies that X is not solvable. Similarly, B(σ(X)) = 1. Therefore, using Lemma 5.9, we conclude that σ(X)
• is a 2 ⊥ -subgroup. By Fact 2.13, the action of any unipotent 2-subgroup on σ(X)
• is trivial. Therefore, σ(X)
• ) is not a connected graph. We will use -notation to denote quotients by Z(X)
• . Let U , V ∈ U(X) be such that U and V normalize each other and
V is a definable nilpotent subgroup of X. Therefore, by Fact 2.15, it has a unique Sylow 2-subgroup normalized by x. This argument applies to U also. Therefore, U and V have a single unipotent 2-subgroup each, and these subgroups normalize each other. This implies that U(X) is not connected.
The above paragraph forces X/σ(X) to be a simple algebraic group over an algebraically closed field of characteristic 2. This implies X = X Z(X)
• . But X is a B-type group, therefore, X = X . Using Theorem 4.2, we conclude that X is a quasisimple algebraic group over an algebraically closed field of characteristic 2.
If we can prove that X has a weakly embedded subgroup then we are done by Lemma 5. 20 . We claim that the stabilizer of a connected component of U (X) is a weakly embedded subgroup. 
Proof. Let T 1 and T 2 be as in the statement of the proposition. Then 
Corollary 5.25 Let G be a tame, K * -group of finite Morley rank. If T (G) is connected then B(C G (T )) ¡ G for every T ∈ T (G).
The next lemma is an analog of Proposition 5.18.
Lemma 5.26 Let G be a group of finite Morley rank. Let W denote a connected component of T (G) and M
Proof. Let T 1 and T 2 be two 2-tori in M such that T 1 ∈ W. We will show that T 2 ∈ W. We may assume that T 1 and T 2 are maximal since any 2-torus is in the same connected component of T (M ) as a maximal 2-torus which contains it. By the Sylow theorem, there exists g ∈ M such that T g 1 = T 2 . Therefore, T 2 ≤ W and g can be taken to be in W . Proceeding inductively it suffices to treat the case in which g ∈ T 3 ∈ W. In this case T 1 , T 3 ∈ W and therefore their conjugates T 2 = T 
Corollary 5.28 If Y is a nonsolvable D-type K-group and T (Y ) is not connected then
These mappings define a Galois connection (see [2] ) between B and D because they satisfy the following properties: In the sequel we will use these properties several times and refer to them under the rubric of Galois connection.
Construction of a Weakly Embedded Subgroup
In this section, we assume that G is a simple, tame, K * -group of mixed type. We will show that G has a weakly embedded subgroup. Let S be a Sylow 2-subgroup of G. 
Now we prove that M 1 is a reasonable candidate for a weakly embedded subgroup of G.
Propositions 3.4 and 6.3 show that if the normalizer of every 2-torus of M 1 were in M 1 then M 1 would be a weakly embedded subgroup of G. Therefore, for the remainder of this section, we analyze the case in which this does not happen. We assume that M 1 has a 2-torus R such that
, which contradicts our assumption.
By Proposition 5.21, B(C
G (R)) ∼ = P SL 2 (K), where K is an algebraically closed field of characteristic 2. R centralizes a unipotent 2-subgroup (say A) of M 1 . This implies R ≤ D(C G (A)). But then, as U(M 1 ) = W, R ≤ D(C G (A)) = D(C G (B
)). This implies that B ≤ B(C G (R)).
As B is a maximal unipotent 2-subgroup of G, we conclude that B is a Sylow 2-subgroup of B(C G (R)). As B(C G (R)) ∼ = P SL 2 (K), B is an elementary abelian 2-group and N B(CG(R)) (B) = BT where T is a maximal torus of B(C G (R)). Let w be an involution in B(C G (R)) which inverts T . T normalizes B and B w , and therefore normalizes
. Then B ≤ Q and the discussion in the above paragraph can be summarized as follows:
Before we state the next lemma, we remark that the group QD(
where K is an algebraically closed field of characteristic 2. 5.7 implies that this action is trivial. Hence, U centralizes D(C G (Q)) and in particular, it centralizes R, forcing U ≤ B(C G (R)) = Q. This also implies that X = N G (Q).
On the other hand, Q acts on Lemma 5.7 , this action is trivial. In particular, U centralizes R forcing U ≤ Q.
Similarly, as Q acts on D(X) trivially by Lemma 5.7, if T ∈ T (X), then T ≤ D(C G (Q))
. Now, we can prove the lemma. We will make use of the characterization obtained in Proposition 3. 4 . Let B 1 ∈ U (X). It follows from the above discussion that
x , where x can be taken to be in
As B x and B 1 are in the same connected component of U (G) 
Let R 1 ∈ T (X). By the above
Hence, g normalizes Q and thus g ∈ N G (Q × D(C G (Q) ). This finishes the proof.
Corollary 6.7 Let B be a maximal unipotent 2-subgroup of G, which is in Q. Suppose B 1 is another unipotent 2-subgroup of G such that B and B 1 are in the same connected component of
In the remainder of our argument we consider various possibilities for the structure of L and come back to Lemma 6.5 in all cases. After some preliminary analysis, the main argument begins with Proposition 6.22 below.
Proposition 6.8 If T (L) is connected then G has a weakly embedded subgroup.
) ≤ L, and we have equality. Now, by Lemma 6.5 B) ), which contradicts our assumptions.
By the Galois connection,
where E is of bounded exponent and D is divisible. We may assume that E is connected. Let
A consequence of the last paragraph is that A 2 normalizes B. B A 2 is a nilpotent group, because otherwise, using Fact 2.13 we can interpret in B A 2 an algebraically closed field K and K + is isomorphic to a definable section of B. Therefore K is of characteristic 2. But a definable section of A 2 is isomorphic to an infinite subgroup of K * and the "no bad fields" hypothesis implies that this subgroup is K * itself. But as A 2 is a nilpotent 2 ⊥ -group of bounded exponent, the multiplicative subgroup of this algebraically closed field would have Sylow p-subgroups with infinitely many elements of order p (Fact 2.21 ). This is impossible by Fact 2. 20 . Hence, B A 2 is nilpotent and by Fact 2.15, A 2 centralizes B. Therefore, A 2 = A 1 
. But this last group is trivial by Proposition 6.9, a contradiction. As a result, A 1 = 1 and therefore
• is divisible.
• is divisible and torsion free.
where E is a definable, connected group of bounded exponent and D is a definable, divisible group.
• has a nontrivial definable subgroup of bounded exponent. But this contradicts Proposition 6.11.
• to be trivial.
Proposition 6.13 If
But by Lemma 6.10, this last subgroup is equal to B.
Clearly B A is a solvable group. Suppose it is not nilpotent. Then we can interpret in B A an algebraically closed field K using Fact 2. 13 . K + is isomorphic to a definable section of B. Therefore, K is of characteristic 2. As there are no bad fields in the environment, we conclude that a definable section of A is isomorphic to the multiplicative group of this field, in particular A is not torsion-free by Fact 2. 17 . This contradiction shows that B A is nilpotent.
Proof. T (L) is not connected implies that L is not nilpotent. By Lemma 5.4, we conclude that
where K is an algebraically closed field of characteristic different from 2. We will use -notation to denote quotients by O(L).
As R ∼ = R, R is a 2-torus of L. Moreover, as the 2-tori of (P )SL 2 (K), where K is an algebraically closed field of characteristic different from 2, are all 1-dimensional, R is a maximal 2-torus of
For the other inclusion we argue as follows. 
, which contradicts the fact that Borel subgroups are self-normalizing. Hence,
In L, we can find
To illustrate we give an example in the SL 2 (K) situation.
. By taking conjugates, we may assume W < R v . Then W normalizes R. This implies W normalizes Q. Therefore, using Fact 2.32, we may assume W is a group of inner automorphisms of Q. As W centralizes T , W can be seen as a subgroup of T (maximal tori are self-centralizing in reductive algebraic groups). But Q is an algebraic group over an algebraically closed field of characteristic 2, thus T is a 2 ⊥ -group. Therefore, the action of W on Q is trivial. Hence, we get Q ≤ B(C G (W )).
We claim that Q = B(C G (W )). Suppose Q < B(C G (W )). Then there is a unipotent 2-subgroup B 1 in B(C G (W )) \ Q. By Corollary 6.7, B 1 cannot be in the same connected component of U (G) as any unipotent 2-subgroup of Q. Therefore by Proposition 5.21 ,
where L is an algebraically closed field of characteristic 2. But Q contains maximal unipotent 2-subgroups of G. In particular, these are maximal unipotent 2-
where L is an algebraically closed field of characteristic 2, these subgroups correspond to root subgroups of B(C G (W )). But then Q contains two opposite root subgroups of B(C G (W )). This forces Q = B(C G (W )), a contradiction.
Since xh −1 normalizes W and vg
. This is a contradiction because (P )SL 2 (K) cannot have a large normal subgroup.
Proposition 6.17 If L is solvable, T (L) is not connected, and D(C
Proof. By Lemma 6.15 and Corollary 6.12 
• is divisible and torsionfree. As D (C G (B) ) is nonnilpotent (Lemma 6.15) and solvable, by Fact 2.13 an algebraically closed field K is interpretable in it.
• is torsion-free, K is of characteristic 0. 
Proposition 6.20 If L is nonsolvable, T (L) is not connected and D(C
Proof. We will use -notation to denote quotients by O(L). By Proposition 6.16 6.19 and Corollary 6.12 
• . Therefore,
where K is an algebraically closed field of characteristic at least 3. By Lemma 6.18 ,
, which contradicts our assumptions. This finishes the proof of the claim. 
) (B) = 1 by Proposition 6.9 and Lemma 6. 15 . This is a contradiction. Therefore E = 1.
L is nonsolvable: 
Proposition 6.23 If T (L) is not connected and D(C
L is solvable: By Lemma 6.15, L is not nilpotent. By Proposition 6.22 
• is torsion-free. 
where K is an algebraically closed field of characteristic 0. Clearly 
where K is an algebraically closed field of characteristic 2. Then, as it was discussed after Proposition 6.4 , N Q (B) = BT , where T is a maximal 2-torus in Q and
By Proposition 6.8, if T (L) is a connected graph then G has a weakly embedded subgroup. Therefore, we may assume that T (L) is not a connected graph.
If
) then by Lemma 6.5, G has a weakly embedded subgroup. Therefore, we may assume that
We will show that 6.23 , A is torsion-free. This, together with Proposition 6.14, implies that
From Weak to Strong Embedding
In this section we will finish the proof of Theorem 1.7. We will continue working in the hypothetical simple tame K * -group G of mixed type. In the previous section we showed that such a group has a weakly embedded subgroup. The main result in this section will show that this weakly embedded subgroup is a strongly embedded subgroup. This will yield a contradiction for reasons we will mention shortly. The following are two characterizations of strongly embedded subgroups: The following fact is crucial for our argument: The following proposition shows that the proof of Theorem 1.7 will be over once we have shown that G has a strongly embedded subgroup. It follows from (1) that M ∩ H is a weakly embedded subgroup of H, and in particular contains a Sylow 2-subgroup of H.
Note that it follows from the proof of (1) that B ∩ H and thus H contains an infinite elementary abelian 2-group. In particular, B(H) = 1. 
(H)O(H). B(H) ∩ M is a weakly embedded subgroup of B(H). In particular, U(B(H))
is not connected. Therefore, by Proposition 5.21, B(H) ∼ = P SL 2 (K), where K is an algebraically closed field of characteristic 2. This proves the claim.
Let Y = D(M ).
4 Y is solvable.
Proof of 4.
As C M (t) ≤ H, C M (t) does not contain 2-tori. Hence, C Y (t) does not contain 2-tori either. Therefore, by Lemma 5. 13 , we conclude that Y is solvable. 
An immediate consequence of the above paragraph is that Z(O(R)) < M . This also implies that O(R) is not abelian. Therefore, (O(R) ∩ Z(O(R)))
• is an infinite, definable, connected subgroup of M ∩O(R). By (7.3) and Fact 2.6 
, (O(R) ∩Z(O(R)))
• is divisible abelian.
Moreover, (O(R) ∩ Z(O(R)))
• is torsion-free, because [R, O(R)] is torsion-free by Proposition 5. 3 . By Lemma 5.11 
, (O(R) ∩ Z(O(R)))
• centralizes B(M ) and in particular A. This contradicts (7.2). Therefore, C O(R) (A) = 1. 
), C O(R) (t) is infinite and C O(R) (t)
• ≤ M . Being a subgroup of H = C G (t), C O(R) (t)
• normalizes L. As C O(R) (t)
• ≤ M also, it normalizes M ∩ L. M ∩ L has a unique Sylow 2-subgroup, namely A. Therefore, we conclude that C O(R) (t)
• normalizes A.
